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Let C,(¢) denote all polynomials of degree n majorized by a positive C? function
gon[—11],7n=0,1,2, ... We establish that for every r (0, 1}, there is an integer
N(r, ¢)>0, such that, for all n>= N{(r, ¢), the polynomials in C,(¢) could be as
large as ¢ on [ —r, 7], ie,

max |p,(x)] = @{x),

Pn€ Cole)

for all xe[—r,r]) and n= N(r, ). This is related to a result of Newman and
Rivlin [6]. € 1994 Academic Press. Inc.

1. INTRODUCTION

Let ¢(x)>0 on (—1, 1). Define

Colo)={p,eZllp.(x)<p(x), —1<x<1},

where #, denotes the set of polynomials of degree at most n. Following
Rahman (cf. [8]), such p,e C,(¢) is called a polynomial with curved
majorant ¢. Turan raised the question about the size of |p,(x)| for p, in
C,(p) when ¢(x)= (1 —x?)"2 Estimation has been made (cf. [7-9]), but
the “precise value” is still not known for all x. In this article, instead of the
size of |p,(x)], we are concerned with the size of | p,(x)] when p,e C,(¢).
Naturally,

[p.(x)] S @(x), —l<x<l.

The question is whether the equality is always possible and if not, at
what points the equality holds. This is closely related to the weighted
approximation.
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Our results are inspired by a paper of Newman and Rivlin [6], in which
they answered the above question when @(x)= (1 —x?)*!2

This paper is organized as follows. The statements of our results are
given in Section 2. Their proofs appear in Section 3.

2. STATEMENTS OF RESULTS

Our first result shows that on subintervals [ —r,r] (0<r<1), some
polynomials with curved majorant ¢ can be as large as ¢ provided that
their degrees are high enough (n= N(r, @)). More precisely, we have the
following.

PROPOSITION 1. Assume @ >0 and @” is continuous in (— 1, ). Then for
every re (0, 1), there exists an integer N = N(r, @) >0 depending on r and ¢
only, such that

max | p(x)| = ¢(x), (1)

peCulgp)

forall xel—r,rJand nz=N.

Remark 1. From a result of Ivanov and Totik [ 1, Example 1], one can
see that for certain function ¢, Eq. (1) may fail for small .

Remark 2. When lim,, - ¢(x)= 4020, we must have lim, ,,- N=
+ oc. We prove this fact at the end of Section 3.

To state our next result, we need some preparations. Assume function
@o:[—1,1]—=(0, + o] is continuous (including the situations in which
either lim,_, - ¢(x)= +occ, or lim, , ;+ ¢(x)= + o, or both). Then it is
well known (cf. [5]) that there exists (smallest) interval [s(n), t(n)] <
[—1, 17 such that

p(x)
o(x)

‘p(-V)
@(x)

Ipll, = sup

max
ve(—1.1) xe [s(a) t(n)]
for all pe 2, with

t(ny<1 iff  lim @(x)= 4+ o0,
x—=1-

and

s(n)> —1 iffl  lim @(x)= + .
x— 1"
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Note that {x*/p(x)?_, is a Chebychev system over [s(n), t(n)]. Thus,
there exists (uniquely) the so -called weighted Chebychev poiynomial of
degree n (with respect to ¢), T, ,(x)=x"+ --- €%, characterized by

T = inf .
ITolo= _inf lpl,

By Chebychev’'s maximal equioscillation theorem, there are points &,
k=1,2,.. n+1, such that

s(n)<§n+l<€n< <§l<’(”)
and

Tn,q;(ék)/‘ﬁ(ék): (—1)k+l ” Tn,(p”(p’ k= 1s 2, eeey n—+ 1

A set of points like {&,}7* ) will be called a set of points of equioscillation
of T, ,(x)/e(x). Generally, such a set of points of equioscillation is not
unique. Denote

Euir(my=supé,,, and & (n)=inf¢,,

where the “sup” and “inf” are taken over all sets of points of equioscillation
with £,,, and &, being the smallest and largest points, respectively. We
write é,,+ (&, ) for éH L (n) (resp. g (n)) when there is no confusion. A com-
pactness argument yields that there are (€ yn_, and {&, )71} such that
both [E 7+ and {&,}7+) form sets of points of equioscillation of

. o(X)/@(x). So the “sup” and “inf” in the definitions of £, . | and &, can
be replaced by “max” and “min”, respectively.

Deﬁne T o(X) =T, y(XNIT, 4l ,s then |T, J(¥) So(x), —1<x<];
so T ((p) Our next csult says that T, » has the largest absolute

n, (p
value outside interval (é,,H, g) among all polynomlals in C,(¢).

PROPOSITION 2. Assume that funcnon e:[—1,11-(0, + ] is con-
tinuous. Then for xe(—, &, 1V [E,, + ),

max | p(x)| =T, ,(x)|. (2)

peCulo)

Remark 3. When ¢(x)=(1+x*)*"'? Eq.(2) was proved by Newman
and Rivlin in [6]. When o(x)=(1 —x)"* (1 +x) # with o, §0, it was
established by Lachance e al. in [2]. Both proofs in these two articles
employed the Lagrange’s interpolation formula. It turns out that the same
approach works for the general case with proper modifications. For

completeness, we give a sketch of the proof of Proposition 2 in the next
section.
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As a consequence of Propositions | and 2, we can say something about
the smallest and the largest extreme points of the weighted Chebychev
polynomial T, ,(x)/p(x).

PROPOSITION 3.  Assume function ¢: [ —1,1] > (0, + o0 ] is continuous,
and assume @” is continuous on (— 1, 1). Then

lim &,(n)=1  and lim &,, ,(n)=—1.

n— o0 " — o0

Remark 4. This proposition should be compared with a result of
Lubinsky and Saff (cf. [4, p. 58, Corollary 8.2]). There, in the case of
@(x)=e?™ defined on the whole real line with ¢” continuous, under the
additional condition that ¢’ is positive in (0, oo), the order of the largest
extreme point of the weighted Chebychev polynomial was estimated.

We now state the main result, which is the consequence of the combina-
tion of the above three technical propositions.

THEOREM. Assume function @:[—1,11— (0, + «c] is continuous, and
assume @" is continuous on (— 1, 1). Let re (0, 1) be given. Then there exists
an integer N’ = N'(r, ) >0 such that, for b= N', we have

Snrr<—r, Ey>r
and
max lp(v’f)lz{q)fx)’ 'f xe[—r,r]ﬂ, )
o g if xe(—w,¢,. 1]V, +)

The above theorem makes one wonder what happens to

max | p(x)|
PeCal)

for xe (g, w1, —1yu(r, &) (n= N'). More generally, the following question
is of interest.

Question. For a given integer n > 0, what is the subset of [ —1, 1] of the
points at which max, ., ., |P(x)] = ¢(x)? And on the remaining part of
[—1,1], what are the values max, .. (¢)|p(x)l and the polynomials
yielding the maximum values?

For a special family of functions ¢, this question has been solved in [3].
The general case is unsolved.
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3. PROOFS

Our proof of Proposition 1 involves, for every ae [ —r, r], the construc-
tion of a polynomial p, e C, (@) (when n is large enough) such that

P.a)=o(a)

The classical Chebyshev polynomial T,(x)=cos(n arccos x), which is the
fastest increasing polynomial outside [ —1, 1], plays a very important role
in our construction. The following lemma lists some of the properties of 7,
which are used in our proof.

LEMMA 1. For |x| > 1, we have the following statements.

(1) T x)=3[(x+/x*—1)"+(x— /x>~ 1)"].

(i) T,(x)=m2/x*—D[(x+/x*—1)"—(x~/x*—1)"].

(iii) T/(x) = (n/2(x> — 1*)[(x +\/x2—1)" (n/x*—1 — x)
+ (x — JxX=D"(nJ/x*=1+x)].

(iv) Both n*T,(x)/T)(x) and nT,(x)/T.(x) converge locally
uniformly in (—oo, —1)u (1, + ).

Proof. (i) is well-known, and it actually holds for all xe(—o0, + )
for a suitable choice of the branch of the square root. (ii}-(iv) are obtained
by straightforward computations. {i

Let re (0, 1) be given. For 6 € (0, 1 —r), define

4457 —2x?
f(x) STa e
and
4+ 6% —2x?
qn(X) =Ty (f(X)) = Ty (T_é_z——)

Then f maps [—1,1] onto [(2+8%)/(4—38%), (4+8%)/(4—6H],
Max; < <1 1g,(0) =1, and ming <55 4u(x)= Tpuay(4/(4—6%)) > + 0
(n—> + o).

Note that, using Lemma 1,

g 0) . —Tpm((@+8°)(4-8)4/4-6) 1

1 LU

0,

o g (0) e nT(ay(4+ 87)/(4 — 62)) =%
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and

”<5 )_ ’ ( 4 ) 80° ,
qn \/5 - [#/2] 4 _52 (4 . 52)2 [#/2]

for n large enough. If we denote

my = min @(x) and
xel[-r—38,r+4]

(

my ==min{0,

4
452

min

)

4
3-52"

xe[—-r—46,r+d]

0,

then m, >0 and m, <0, and we can find N, = N,(r, 4, ¢) such that

IIO ,
4.(0) _m,

qn(O) my

for every u = N,.

q.(6//2)

420N 2150,

Now, for every n= N, choose x, € (0, 5/\/5) such that

X, '=min {x € (O, —%)

_@}
14,(0) mo)”

Then ¢,(x)<q,(x,)<0for |x{<x,and n2>N,.

Our next lemma reveals some asymptotic properties of x,,.

LEMMA 2. We have the following limit relations:

lim /nx,=./26,

" — 4L

: qn(xn)
lim
n— + o q,,(O)

and

Proof. We first show

lim x,=0.

n— 4+

J26e

@"(x)}.

(3)

(5)

(6)

Assume ¢€ [0, 5/\/5] is a limit point of {x,},. », < [0, 5/ﬁ]; then there

exists 4 < {n},. v, such that

lim x,=¢.

n— +co
neAd
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From the definition of x,, we can write

( 4x, )zthn/z](f(xn)) 4 my Tp,5(f(0)) 7)

4- 52 ’En,/‘Z](f(~xr1)) 4-— 52 Mg ’[,m’Z](f(xn)).

Note that m, <0, my>0, T,21(f(0))>0and T{,,,(f(x,)) >0, for n large
enough. So the second term on the right side of (7) is non-paositive; thus

2 v
( 4xn2> < Enﬂ](f(xn)) 4 5 (8)
4-9 [m’l](f(xn))4_5
for n large enough. From Lemma 1, it can be verified that
' 4 — 2 2_ L2
lim ’_1 TEn‘,‘z](f(xn)) - 2 ( € )(26 € )> 0. (9)
A 2 T[n/‘Z](f(xn)) 4-9
Thus, by letting n — + o0 and ne A in (8), we get
4 \?
o o3 QO,
()
or
4¢
=0.
4-4°
So ¢=0. Consequently, Eq. (6} holds. Using this fact in (9), we obtain
T

w2 Tl (f(x) 4—58°

Now, multiplying (8) by » and letting n — + o yield limsup, , , , nx2<
20. Together with Lemma 1, this implies

(E)Z T[n;’Z](f(O)) < 162\/;
tn21(f(x,)) = (4~ 5677

2
Therefore, lim sup,, , , .. #T129(f(0))/ T {21(f(x,)) < 0. But T, »1(f(0))/
T7,2(f(x,))>0, so

lim sup

n— + o

jim n 2O (11)

n— +w ,[in/2](f‘(x"))
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When we multiply 7 on both sides of (7) and let n — + oo, using (10) and

(11), we can get
lim n( 4x, \? 326
1 =
norm \4—82 (4—-6%%

which is equivalent to (3).
For the proof of (4), write
4u(%n)  Tiway((4+6° = 2x7)/(4 - 6%))
4:00)  Tiany((4+6%)/(4—06%))
(VA= x24/87 = X2 /(4= 8) D + (4 87)/( /4~ x,
Wi |

(Q+8)/2=3) T+ (2= 0)/(2+8) "

So

1im qn(xn) — 1
neve gu(0)  dim, L, L (24 0)(J/4—x2+ J87 — x2))2tv2T

Using (3), we find

2fns2]
lim ( 249 ) =Je (12)

ne v \\ 4= x4 /07— x2
thus

o galx,) 1
lim ——==—x,
n—s + o0 qn(o) \/;
which is (4).

The proof of (5) is very similar to that of (4). We have

L) I
neve fn 4a(0)  S280im, |, o (24 8)/(/4— X2+ /67 — x2)Hn2)
1
\ [28e
by (12). |

Proof of Proposition 1. In addition to all the notations introduced
above, we also need the following quantities:

M= max o(x) and M = max lo'(x)]-

xel[—r—94,r+4] xel{—r—-8,r+4]
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Recall that mg = ;. _s , 447 ©(x). Since lim; _, 4+ my=min | ., o(x)>0,
we can choose 0 =6(r, @)e (0, 1 —r) so small that

mg
5/

Then we choose N, = N,(r, ¢)>0 such that

>2M'. (13)

[g.(x,)]
o> M 14
"0, (0) (4

mO ll—qn(xn)‘

MV
qn(o) (S—X,, g ’ (15)
and
M

+ M'x, <myg, 16
g,(0) T M X< (16)

for every n> N,. The existence of such N, is guaranteed by (5), (4) and
(13), and (3). From (4) and (5), we can again find N,= N,(r, ¢)>0 so
large that

U= gu(xa)l

x, (17)

|97 (x.)l =

for every n= N,.

We now show that N= N(r, ¢) :=max(N,, N,, N,) is the N described in
Proposition 1.

For n> N, define

() = M)
T ga0)
For each ae [ —r, r], define
_ _ola)
A=Aa) = 7

then Ae [my/M, 1]. Now choose be[a— x,, a+ x,] such that
ipy(b—a)=g'(a).
Such number b exists because ip,(x) is an odd function and

s Mo MG
493 x,) > 3 = s M
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by (14). If ¢©'(a) <0, then b= a; and if ¢'(a) >0, then b <a. We only need
to consider the case when ¢'(a)<0; the case when ¢'(a)>0 can be
deduced either directly by using similar argument or from transformation
X - —X

Construct p,(x) as follows:

pAxy=A[p,(x+b—-2a)+ M—p,(b—a)].
We have
pla)=iM=q(a)
and
pula)=Ap,(b—a)=¢'(a).
We claim that
P.€Cl0) (18)

We divide the proof of claim (18) into three cases according to the
location of xe (—1,1).

Case 1. |x+b—2a|<x,.

In this case, we have xe[—r—0,r+ 9], |p.(x)| =p,(x), and for some
¢ satisfying |+ b — 24| < x,,

[P (x) =px)=p(x)+p.x)— p(x)

1
=ox)+5 (pa(c) - @"(&)x—a)

1 /M
<(p(x)+—(/t mz—mz> (x —a)?
2\ my

1 (mo Mm,

< X — — 5 X — 2: "’
<o) +3 Ty m-)(x a)? = p(x)

where we have used the facts that m, <0 and

” Mg (E+b—2a) iMq,(x,) iMm,
pa(&)= < = :
qn(o) qn(o) my

Case 2. x,<|x+b-—2al<4.

In this case, we still have |p,(x)| =p,(x). Assume to the contrary of (18)
that for some x’ satisfying x, —b+2a<x' <6 —b + 2a,

Pu(X) Z o(x").
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Then there is { € (x, — b + 24, x') such that

e(x) —@lx, —b+2a) _pu(xX)—p.(x,—b+2a)
xX'—x,+b—=2a x'—x,+b-2a

@)=

Since (17) implies that the graph of p, over the interval [x,— b+ 2a,
0 —b+2a] is always below the segment connecting points (x,— b+ 2a,
Pu(x,—b+2a))and (6 —b+ 2a, p(6—b+2a)), we see that

pu(x,)_pu(xn_b +2a)<Pu(5_b+ 2a)—pu(xn_b+2a)
X —x,+b—2a 5_x, '

Hence

< pu(é— b+ 2“)“[711("7,,_ b+ 2a)_ ;“M(l —qn(xn))
h 3 —x, 9,000 —x,)

mo(l —q,(x,))
<ol oy,
w06 —x,) ~ M

@'({)

according to (15). But the definition of M’ gives (¢'({)| < M', so we get a
contradiction. Similarly, one can show that there is no x” satisfying
—0—b+2a<x"< —x,— b+ 2a such that

Pu(X")Z (x7).
So, in Case 2, we always have
0<pa(x)<olx).
Case 3. é0—b+2as<x<lor —l<x<—-3—b+2a
We have |x+b—2a|=d and

qu(x+b—2a) M_M‘{n(b‘—a)

x)| =2
lpu(x)' q”(O) q"(O)
AM
=L b= 20)— g EHb—a) (e (0.b-a))
.(0)
AM M
h 7.0 bl (O] <1g, (b~
<q"(0)+qn(0)|q,,(b a)l x, (g, (&N < gl (b —a)])
_ola) , M ’
- qn(o)+ '(P (a)' xngqn(()) + M .Y" gm().

Here in the last step we have used (16). So |p,(x)| < m, < ¢(x) in this case.
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The above three cases cover all points x in (—1, 1); hence we have
| p(x) < o(x) for all xe(—1, 1), which is equivalent to claim (18). This
completes our proof of Proposition 1.}

Proof of Proposition 2. Let —1<¢,, <, <-- <& <1 be a set of

points of equioscillation of T, ,(x)/@(x). Define w(x):=[T;1| (x—¢&).
Then, for pe C,(¢), Lagrange’s interpolation formula yields
"o w(x) p(ée)
Xx)= —_—
=2 - &)
So
n+1 n+1
[P(Se)l @(Se)
X X ———————————\ (x) —_— (19
B o T RSt I S e E TR TR

But  [w(E)l=(—1f""w'(&) and T, ,(&)=(—1)"0() for
k=1,2,..,n+ 1. Thus, the right side of (19) equals | ,,w(x)l when
ré[gnﬂ,é ]. Now substituting {&,}5%] by {,}i2] and {&}ir], we
obtain (2) for xé[i,,H,C 1. 8

Proof of Proposition 3. 1 there is an infinite set 4 < {n},., such that
E<r0<l, ne A, (20)
then for ne A4 and n = N(r,, @), with N(r,, ¢) as defined in Proposition 1,

m%iX |P(’C)I=‘P(\'), XG[—V(),I‘O],
peCule)

by Proposition 1. But Proposition 2 gives

max |p(x)| =T, ,(x),  x=&n).
peCule)

It then follows from (20) that
o(x)=T,,(x),  xe[&(n),rl

for all n with ne A4 and n>2 N(ry, @). So

~ A

Tn, q)(x) = Tm,go(x)9 X€ [max{gl(n), gl(m)}s r[)]:

for all m,neA and m,n= N(rq, ¢). Thus f",,’q,(x)z f’m_w(x), for all
m,ne A and m, n = N(ry, @), which is impossible when m#n. |
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Proof of Remark 2. Without loss of generality, we can assume N(r, ¢)
is non-decreasing in r. If lim,, . - ¢(x}= + 00, and lim, , - N(r, ) #
+ oo, then, on the one hand, we must have

T, (%) < o(x), (21)
for |x| close enough to 1; on the other hand, there is a positive K such that
N(r, 9) <K, (22)

for all re (0, 1). - )
From (21), we see that &,(n)<1 and &,,,(n)> —1, and thus, by
Proposition 2,

max |p(x) =T, ,(x),

peCnle)

for r(n) = max{lf,(n), lfH (1)} < {x|. But (22) and Proposition 1 would
imply

max lp(x)=o(x),  xe(—1,1)

PeCale
for every n> K. Hence
IT, () =0x), rir)<|x| <1,
for every n>= K, which implies particularly
TK,(,,(X)=TK+|,¢(X), max{r(K),r(K+1)}<x<1,

which is impossible. ||
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